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The second author constructed a coloring of E(Kn) with eO(
√

logn) colors in which the
edges of every copy of K4 together receive at least 3 colors. We prove that this construction
also has the property that at least 2�lgp�−2 colors appear on the edges of every copy of
Kp for p≥5.

1. Background

A (p,q)-coloring of Kn is a coloring of E(Kn) in which the edges of every copy
of Kp⊆Kn together receive at least q colors. Erdős [2] asked for the minimum
number of colors in a (p,q)-coloring of Kn and called this f(n,p,q). This
question generalizes the Ramsey problem for multicolorings, since (p,2)-
colorings are just colorings with no monochromatic Kp. Results for the clas-
sical Ramsey problem yield corresponding results for f(n,p,2); in particular,
for p = 3, bounds from [1] and [4] imply that c logn

log logn <f(n,3,2)<c′ logn,
where c and c′ are constants.

Although f(n,p,q) was first studied by Elekes, Erdős, and Füredi (as
described in Section 9 of [2]), its growth rate was more thoroughly investi-
gated by Erdős and Gyárfás [3]. They considered the case when p is fixed
and n→∞, and determined the smallest value of q for which f(n,p,q) is
linear in n, and the smallest value of q for which f(n,p,q) is quadratic in n.
They also posed the following general problem:
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Problem. [Erdős-Gyárfás [3]] Suppose that p ≥ 4 is fixed. Decide
whether f(n,p,p− 1) ≥ cnε for some c and ε depending only on p. More
generally, determine the smallest value of q (in terms of p) for which
f(n,p,q)≥cnε.

In [3], it was observed that f(n,p,�lgp�)≤�lgn�, and thus the threshold
for q in the problem is at least �lgp�+1 (here lg denotes log2). The smallest
special case that merits attention in this context is f(n,4,3), which was
shown to be O(

√
n) by probabilistic methods in [3]. In [5], this bound was

improved by an explicit construction of a (4,3)-coloring of Kn with eO(
√

logn)

colors, thereby answering the first part of the problem in the negative for
p=4 (note that e

√
logn =n1/

√
logn). In this paper, we prove that the above

construction is also a (5,4)-coloring of Kn, thus extending the negative result
to p=5. More generally, we prove that for fixed p> 4, this construction is
a (p,2�lgp�−2)-coloring of Kn. Hence the threshold for q in the problem is
much greater than �lgp�+1. Our main result is

Theorem 1. Suppose that p≥5 is fixed and that q=2�lgp�−5+
⌈

4p
2�lgp�

⌉
.

As n→∞,

f(n, p, q) < e
√

4 log 2 log n (1+o(1)).

Since q is either 2�lgp� − 1 or 2�lgp� − 2, Theorem 1 shows that
f(n,p,2�lgp� − 2) grows slower than any power of n for p ≥ 5. Even for
q as small as �lgp�+1, the previous best upper bound was as large as cpn

εp.

2. The “subset ranking” construction

In this section, we describe the construction in [5]. Because the coloring
arises from the subsets of a specified set and uses the notion of ranking
these subsets, we call it the SUBSET RANKING (SR) coloring. For m>0,
let [m]= {1, . . . ,m}, and let [0]= ∅. For t≤m, we write

([m]
t

)
for the family

of all subsets of [m] with size t. The symmetric difference of the sets A and
B is A�B=(A−B)∪(B−A).

The SR coloring.
Let G be the complete graph with vertex set

([m]
t

)
. For each t-set T of

[m], rank the 2t − 1 proper subsets of T according to some linear order.
Given distinct subsets A, B of [m], let S(A,B) denote the member of {A,B}
that contains the minimum element of A�B. Color the edge AB with the
two dimensional vector c(AB) = (c0(AB), c1(AB)), where c0(AB) is the
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minimum element of A�B, and c1(AB) is the rank of A∩B in the linear
order associated with the proper subsets of S(A,B).

It is readily observed that the number of colors in the SR coloring is at
most (2t−1)(m−1), and that monochromatic triangles are forbidden. By
choosing m and t appropriately with respect to n, one can show that the
SR coloring restricted to Kn uses e

√
c logn(1+o(1)) colors, where c=4log2. It

can also be shown that this is a (4,3)-coloring (see [5] for the details).

3. Many colors on every Kp

Lemma 2. Let pq =2q/2+1 when q is even, and let pq =3 ·2(q−3)/2+1 when
q is odd. For p>1, let Q(p)=2�lgp�−5+

⌈
4p

2�lgp�

⌉
. Then for q>1, the smallest

integer x satisfying Q(x)=q is pq.

Proof. Short calculations yield Q(pq) = q and Q(pq − 1) = q− 1 for q > 1.
Since Q(p) is a non-decreasing function of p for p>1, the result follows.

Proof of Theorem 1. The SR coloring restricted to Kn is a (3,2)-coloring,
and in [5] it is also shown to be a (4,3)-coloring with e

√
c logn(1+o(1)) colors,

where c=4log 2. By Lemma 2 and the fact that f(n,p,q) is a non-increasing
function of p, it suffices to show that the SR coloring is also a (pq,q)-coloring
for q > 3. We proceed by induction on q. Suppose that the result holds for
both q−2 and q−1, and consider the SR coloring restricted to a copy H of
Kpq .

Let i=min{c0(e) :e∈E(H)} and assume e=AB realizes this minimum.
Without loss of generality we may assume i /∈A and i∈B. Set s= �pq/2�=
pq−2. Either at least half of the sets representing the vertices of Kpq contain
i or at least half of the sets representing the vertices of Kpq do not contain
i. Thus there is a set S = {X1, ...,Xs}⊆ V (H) such that either i∈∩jXj or
i /∈ ∪jXj . Now set Y = A in the first case and Y = B in the second case.
Observe that i /∈ Y in the first case and i ∈ Y in the second case. If Y is
the only vertex in V (H) with this property, then the colors on the edges of
H−{Y } all differ from i in their first coordinate. Since |V (H−{Y })|=pq−1≥
pq−1, the induction hypothesis implies that at least q−1 colors appear on
E(H−{Y }). Together with the color on any edge incident to Y , this yields
the required q colors on E(H).

Thus we may assume that there is another vertex Y ′ ∈ V (H) with i /∈
Y �Y ′. Let T = {XjY : j ∈ [s]} ∪ {XjY

′ : j ∈ [s]}. Since |S| = pq−2, the
induction hypothesis implies that at least q− 2 colors appear in E(H[S]).
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Because c0(e) = i for e ∈ T , these colors are distinct from the colors on
edges in T . This yields the required q colors on E(H) unless the edges in T
are monochromatic, which we may henceforth assume. Since i /∈ Y �Y ′, we
conclude that c(Y Y ′) differs from the color on T . To complete the proof, it
suffices to show that c(Y Y ′) is absent in E(H[S]).
Case 1. i ∈ (

⋂
j Xj)− (Y ∪ Y ′). Because T is monochromatic, c1(XjY ) =

c1(XjY
′). Since the rank of a subset in a set identifies the subset, Xj ∩Y =

Xj ∩Y ′ for all j ∈ [s]. Since c0(Y Y ′) ∈ Y �Y ′, we conclude that c0(Y Y ′) /∈⋃
j Xj , and thus c(Y Y ′) is absent in E(H[S]).

Case 2. i ∈ (Y ∩ Y ′) − (
⋃

j Xj). In this case, Xj ∩ Y = Xj′ ∩ Y and
Xj ∩Y ′=Xj′ ∩Y ′ for j �= j′. Since c0(XjXj′) ∈ Xj�Xj′ , we conclude that
c0(XjXj′) /∈ (Y ∪Y ′). Since c0(Y Y ′)∈Y ∪Y ′, the color c(Y Y ′) is absent in
E(H[S]).
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[2] P. Erdős: Solved and unsolved problems in combinatorics and combinatorial number
theory, Congressus Numerantium, 32 (1981), 49–62.
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